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1 Introduction and main result
Variational and quasi-variational inequalities with gradient constraint appear in different
situations in the literature. They model many problems such as the elastic-plastic torsion
problem ([1]), sand piles and river networks ([10]), diffusion with gradient constraint
([12], [13]), superconductors ([9], [11]) or processes depending on the temperature, as the
(stationary) model of the torsion problem with variable threshold of plasticity, proposed
in [5]. A very interesting open question consists on proving existence of solution for the
model problem proposed by Prighozin in [9], a degenerate quasi-variational inequality with
a curl constraint depending on the solution. The problem studied in [11] corresponds to
the nondegenerate version of this problem in a longitudinal geometry (which transforms
the curl constraint in a gradient constraint). A recent paper, [8], proves existence of
solution of a stationary quasi-variational inequality involving the p-curl operator and a
curl constraint.
In this paper we consider the evolutive version with Dirichlet homogeneous boundary
condition of the problem proposed in [5]. The problem consists on a system of a evolutive
variational inequality with a gradient constraint depending on the temperature, coupled
with the heat equation.
Existence of a solution for an approximated system is proved in Section 2 applying a
fixed point theorem.
In Section 3, making use of appropriate a priori estimates on the approximated solu-
tions it is possible to pass to the limit, proving the existence of solution of the problem.
These estimates are obtained with the help of results proved in [13] as well as well known
classical results (that can be found in [6], for instance).
Many interesting questions remain open, namely the existence of solution for a stronger
version of this problem, the uniqueness of solution, at least for some given data and the
asymptotic stabilization of the solutions when t→ +∞.
We start presenting the model problem. Following [11], we consider a critical-state
model of type-II superconductors with a longitudinal geometry. Here, the unknown is the
magnetic field H = (0, 0, u(x, t)), where x = (x1, x2) ∈ Ω ⊆ R2. Recall the Maxwell’s
equations,
µ ∂tH +∇× E = 0, ∇×H = J, (1)
where E denotes the electric field and J the density of the induced current. Here
J =
(
∂u
∂x2
, − ∂u
∂x1
, 0
)
= ∇⊥u .
We consider an extensions of the classical Ohms law E = ρJ , assuming that the scalar
resistivity ρ may depend on the temperature, i.e., ρ = ρ(θ). We also assume that the
temperature depends on the magnetic field, satisfying the heat equation
∂tθ −∆θ = g(u),
being g a given function.
Supposing that the current density cannot exceed a critical value F (θ) (being F a
positive function), the constitutive relation for E is assumed to be the following:
E =
{
ρ0∇⊥u if |∇u| < F (θ),
(ρ0 + λ)∇⊥u if |∇u| = F (θ),
(2)
ρ0 a positive constant and λ ≥ 0 an unknown Lagrange multiplier.
Going back to (1) we obtain
µ∂tu−∇ · ((ρ0 + λ)∇u) = 0, where λ = 0 if |∇u| < F (θ). (3)
Defining the family of convex sets
KF (θ(t)) = {v ∈ H10 (Ω) : |∇v| ≤ F (θ(t) for a.e. x ∈ Ω}, (4)
multiplying equation (3) by v − u(t), being v ∈ KF (θ(t)), we obtain, integrating over Ω,∫
Ω
µ∂tu(t)(v − u(t)) +
∫
Ω
(ρ0 + λ)∇u(t) · ∇(v − u(t)) = 0.
As λ∇u(t) · ∇(v − u(t)) ≤ λ |∇u(t)| (|∇v| − |∇u(t)|) ≤ 0, we have∫
Ω
µ∂tu(t)(v − u(t)) +
∫
Ω
ρ0∇u(t) · ∇(v − u(t)) ≥ 0.
Impose initial conditions u(0) = u0 and θ(0) = θ0 and homogeneous Dirichlet boundary
conditions, assuming that Ω is a bounded domain of R2.
For the mathematical point of view there exists no additional difficulty is we assume
that Ω if a bounded open subset of RN . We also assume that the boundary ∂Ω is of class
C2,α, where α = 1− N
q
with q > N . In what follows, T denotes a positive number, I the
interval [0, T ], QT the cylinder Ω×]0, T [, Σ the lateral boundary ∂Ω× I of QT . Here, ∇
denotes the spatial gradient, i.e., ∇ = (∂x1 , . . . , ∂xN ).
Assuming that the independent term of (1) is a given function f (not necessarily the
null function) and taking, for simplicity, µ = ρ0, we are now led to the following coupled
system 
u ∈ L2(0, T ;H10 (Ω)), ∂u ∈ L2(0, T ;H−1(Ω)),
u(t) ∈ KF (θ(t)) for a.e. t ∈]0, T [, u(0) = u0,∫
Ω
∂tu(t)(v − u(t)) +
∫
Ω
∇u(t) · ∇(v − u(t)) ≥
∫
QT
f(t)(v − u(t)),
∀ v ∈ KF (θ(t)), for a.e. t ∈]0, T [;
(5)
{
∂tθ −4 θ = g(u) in QT
θ(0) = θ0 on Ω, θ|Σ = 0.
(6)
Here, the term
∫
Ω
∂tu(t)(v − u(t)) is interpreted in the duality between L2(0, T ;H10 (Ω))
and L2(0, T ;H−1(Ω)). Note that, since u belongs to L2(0, T ;H10 (Ω)) and ∂tu belongs to
L2(0, T ;H−1(Ω)) we have u ∈ C([0, T ];L2(Ω)) and so u(0) has a meaning.
We call strong variational formulation of the problem to the system (5)-(6). The
variational inequality (5) is the usual formulation of a evolutive variational inequality,
when its solutions are continuous in the variable t. It is not always possible to prove the
existence of solutions with this regularity in the temporal variable. To deal with those
situations, Lions introduced a weaker version for evolutive variational inequalities, as it
can be found in [7], pages 266-269. In our framework, letting
KF (θ) = {v ∈ L2(0, T ;H10 (Ω)) : |∇v| ≤ F (θ) a.e. in QT},
it corresponds to solve the system (7)-(6), where

v ∈ L2(0, T ;H10 (Ω)), ∂tv ∈ L2 (0, T ;H−1(Ω)) , v(0) = u0,∫
QT
∂tv(v − u) +
∫
QT
∇u · ∇(v − u) ≥
∫
QT
f(v − u), ∀ v ∈ KF (θ).
(7)
In the literature this is called the weak variational formulation of the problem. Notice
that, if u solves (7)-(6) and u ∈ L2(0, T ;H10 (Ω)), ∂tu ∈ L2(0, T ;H−1(Ω)) and, in addition,
u(0) = u0, then u solves (5)-(6). In fact, take v = u + s(w − u), with s ∈]0, 1[, for test
function in (7), being w an arbitrary function of KF (θ) such that ∂tw ∈ L2(0, T ;H−1(Ω).
Then
s
∫
QT
∂t(u+ s(w − u))(w − u) + s
∫
QT
∇u · ∇(w − u) ≥ s
∫
QT
f(w − u).
Dividing both members of the inequality by s and letting s→ 0, we have∫
QT
∂tu(w − u) +
∫
QT
∇u · ∇(w − u) ≥
∫
QT
f(w − u), ∀w ∈ KF (θ).
Given t0 ∈]0, T [ and δ a positive small number, let v be such that v(t) ∈ KF (θ(t)), for
a.e. t ∈]t0 − δ, t0 + δ[ and define
w(t) =
{
v(t) if t ∈ ]t0 − δ, t0 + δ[
u(t) otherwise.
Then, ∫ t0+δ
t0−δ
∫
Ω
∂tu(v − u) +
∫ t0+δ
t0−δ
∫
Ω
∇u · ∇(v − u) ≥
∫ t0+δ
t0−δ
∫
Ω
f(v − u),
and dividing both members by 2δ and letting δ → 0, we get, for a.e. t ∈ ]0, T [,∫
Ω
∂tu(t)(v − u(t)) +
∫
Ω
∇u(t) · ∇(v − u(t)) ≥
∫
Ω
f(t)(v − u(t)).
In this paper, we prove that the problem (7)-(6) has a solution. We are not able
to prove existence of solution for the strong formulation of the problem, but we prove
existence of solution of the intermediate variational formulation of the problem (8)-(6)
which also solves the weak variational formulation of the problem.
But first we introduce some notations related to the Sobolev spaces used along the
paper. The notations related to the subscripts and superscripts in these spaces, following
the notations of [6] and [7], will be clear from the examples: for p ∈ [1,∞],
W 1p (Ω) = {u ∈ Lp(Ω) : ∇u ∈ [Lp(Ω)]N};
W 1p,0(Ω) = {u ∈ W 1p (Ω) : u|∂Ω = 0};
W 2,1p (QT ) = W
1
p (0, T ;L
p(Ω)) ∩ Lp(0, T ;W 2p (Ω)).
The intermediate variational formulation of the problem consists of the coupled system
of (6) with the following inequality:
u(t) ∈ KF (θ(t)) for a.e. t ∈]0, T [,
∂tu ∈
(
L∞(0, T ;W 1∞,0(Ω))
)′
∫
QT
∂tu(v − u) +
∫
QT
∇u · ∇(v − u) ≥
∫
QT
f(v − u),
∀v ∈ C([0, T ];L2(Ω)) : v(0) = u0, v(t) ∈ KF (θ(t)), for a.e. t ∈]0, T [.
(8)
Calling
X = L∞(0, T ;W 1∞,0(Ω)),
the integral
∫
QT
∂tu(v − u) is interpreted in the duality between X and X ′.
Considering the following assumptions on the data,
F ∈ C(R) : F > 0
f ∈ L∞(QT )
u0 ∈ H10 (Ω), |∇u0| ≤ F (θ0),
(9)
and {
g ∈ C(R)
θ0 ∈ W 2q (Ω) ∩W 1∞,0(Ω), (q > N),
(10)
we will prove in Section 3 the main result of this paper:
Theorem 1.1. With the assumptions (9)-(10) the problem (8)-(6) has a solution
(u, θ) ∈ L∞(0, T ;W 1∞,0(Ω))×W 2,1q (QT ) with ∂tu ∈
(
L∞(0, T ;W 1∞,0(Ω))
)′
that also solves problem (7)-(6).
2 The approximating problems
We start considering the following family of approximating (with ε > 0) systems of
equations 
{
∂tu
ε −∇ · (kε(|∇uε|2 − F 2ε (θε))∇uε) = f ε in QT ,
uε(0) = uε0 in Ω, u
ε = 0 on Σ,
{
∂tθ
ε −∆θε = gε(uε) in QT ,
θε(0) = θε0 in Ω, θ
ε = 0 on Σ,
(11)
where
· kε : R −→ R is a C2 nondecreasing function such that kε(s) = 1 if s ≤ 0, kε(s) = es/ε
if s ≥ ε;
· Fε is a C∞ approximation of F in C(R);
· fε a C∞ approximation of f in Lq∨2(QT ), satisfying fε(x, 0) = 0, for x ∈ ∂Ω;
· gε a C∞ approximation of g in Lq∨2(QT ), verifying gε(0) = 0;
· uε0, θε0 ∈ D(Ω), θε0 an approximation of θ0 in W 2q (Ω) ∩W 1∞,0(Ω) and uε0 an approxi-
mation of u0 in H
1
0 (Ω), verifying |∇uε0| ≤ F ε(θε0).
The regularization introduced by the function kε follows an idea of [3]. As kε is an
increasing positive function then,
∀X, Y ∈ Rn ∀ a ∈ R
(
kε
(|X|2 − a) X − kε (|Y |2 − a) Y ) · (X − Y ) ≥ 0. (12)
We will prove that system the (11) has a solution in C2,1α,α/2(QT )×C2,1α,α/2(QT ). For this
purpose we need some auxiliary results.
Proposition 2.1. For every θ ∈ C1,0α,α/2(QT ), the problem{
∂tu
ε −∇ · (kε(|∇uε|2 − F 2ε (θ))∇uε) = fε in QT ,
uε(0) = uε0 in Ω, u
ε = 0 on Σ,
(13)
has a unique solution uε ∈ C2,1α,α/2(QT ) and
∃M > 0 ∀ ε ∈ ]0, 1[ ∀ θ ∈ C1,0α,α/2(QT ) ‖uε‖L∞(QT ) ≤M. (14)
Proof. The existence of solution for this problem, as well as the uniform boundedeness
of the solution in L∞(QT ) are direct consequences of the general parabolic theory for
quasilinear non-degenerate equations ([4, 6]).
Proposition 2.2. For u ∈ Cα,α/2(QT ) such that u|Σ = 0, with the assumptions (10), the
problem {
∂tθ
ε −∆θε = gε(u) in QT ,
θε(0) = θε0 in Ω, θ
ε = 0 on Σ.
has a unique solution θε ∈ C2,1α,α/2(QT ) and
∃C > 0 ∀ ε ∈]0, 1[ ‖θε‖C2,1
α,α/2
(QT )
≤ C(‖gε(u)‖Cα,α/2(QT ) + ‖θε0‖C2α(Ω)) (15)
and
∃C > 0 ∀ ε ∈]0, 1[ ‖θε‖W 2,1q (QT ) ≤ C
(‖gε(u)‖Lq(QT ) + ‖θε0‖W 2q (Ω)). (16)
Proof. To prove (15), just apply Theorem 5.2, page 320 of [6], noting that gε ◦ u ∈
Cα,α/2(QT ). The proof of (16) is a direct consequence of Theorem 9.1, page 341 of [6].
Consider, the diagram
C1,0α,α/2(QT )
i ◦Ψε ◦ Φε−−−−−−−−−→ C1,0α,α/2(QT )
Φε
y xi
Cα,α/2(QT )
Ψε−−−−−−−→ W 2,1q (QT )
where, for θ ∈ C1,0α,α/2(QT ) and u ∈ Cα,α/2(QT ), Φε(θ) and Ψε(u) are given by the Proposi-
tions 2.1 and 2.2 respectively, and i is the (compact) inclusion ofW 2,1q (QT ) into C
1,0
α,α/2(QT ).
We will prove that the function Gε = i ◦Ψε ◦ Φε is continuous and compact.
Proposition 2.3. With the assumption (9), the function Φε is continuous.
Proof. Let (θn)n be a sequence in C
1,0
α,α/2(QT ) converging, in this space to a function θ.
Denote uεn = Φε(θn) and u
ε = Φε(θ). By applying Theorem 9.1, page 341 of [6], we know
that he sequence {uεn}n is bounded in W 2,1q (QT ), since F ε(θn) −−−→n F (θ) in C
1,0
α,α/2(QT ).
The compact inclusion of W 2,1q (QT ) into C
1,0
α,α/2(QT ) implies that this sequence belongs to a
compact subset of Cα,α/2(QT ). As Cα,α/2(QT ) is continuously included in L
∞(0, T ;L2(Ω))
we only need to prove that (uεn)n converges to u
ε in L∞(0, T ;L2(Ω)).
Multiplying the equations that define uεn and u
ε both by uεn − uε, subtracting one
equation from the other and integrating over Qt = Ω×]0, t[ we obtain
1
2
∫
Ω
|uεn(t)− uε(t)|2
+
∫
Qt
[
kε
(|∇uεn|2 − F 2ε (θn))∇uεn − kε (|∇uε|2 − F 2ε (θn))∇uε] · ∇(uεn − uε)
=
∫
Qt
[
kε(|∇uε|2 − F 2(θ))− kε(|∇uε|2 − F 2(θn))
]∇uε · ∇(uεn − uε)
Observe that
•
∫
Qt
[
kε(|∇uεn|2 − F 2ε (θn))∇uεn − kε(|∇uε|2 − F 2ε (θn))∇uε
]
· ∇(uεn − uε) ≥ 0, by (12);
• ∇uεn is bounded in L∞(QT ) independently of n (recall the uniform boundedeness of
uεn in W
2,1
q (QT ) referred at the beginning of this proof);
• θn(x, t) −−−→
n
θ(x, t) for every (x, t) ∈ QT .
As a consequence we get∫
Ω
|uεn(t)− uε(t)|2
≤ 2
∫
QT
[
kε(|∇uε|2 − F 2(θ))− kε(|∇uε|2 − F 2(θn))
]
∇uε · ∇(uεn − uε) −−−→
n
0,
and so (uεn)n converges to u
ε in L∞(0, T ;L2(Ω)).
Proposition 2.4. With the assumption (10) the function Ψε is continuous.
Proof. If u1, u2 ∈ Cα,α/2(QT ) let θε1 = Ψε(u1) and θε2 = Ψε(u2). Then θε1−θε2 is the solution
of the problem {
∂tθ −∆θ = gε(u1)− gε(u2) in QT ,
θ(0) = 0 in Ω, θ = 0 on Σ.
and then, as in Proposition 2.2, there exists C > 0 such that
‖θε1 − θε2‖C2,1
α,α/2
(QT )
≤ C ‖gε(u1)− gε(u2)‖Cα,α/2(QT ).
To conclude the proof we use the continuous inclusion of C2,1α,α/2(QT ) intoW
2,1
q (QT ).
Proposition 2.5. With the assumption (9) and (10), Ψε ◦Φε is bounded. More precisely,
∃N > 0 ∀ ε ∈]0, 1[ ∀ θ ∈ C1,0α,α/2(QT ) ‖Ψε(Φε(θ))‖W 2,1q (QT ) ≤ N. (17)
Proof. By (14), consider M > 0 such that, for all θ ∈ C1,0α,α/2(QT ), ‖Φε(θ)‖L∞(QT ) ≤M . In
particular, ‖gε(Φε(θ))‖qLq(QT ) ≤ |QT | max[−M,M ] |g|. The conclusion now follows from (16).
Theorem 2.6. The system (11) has a solution
(uε, θε) ∈ C2,1α,α/2(QT )× C2,1α,α/2(QT ).
Proof. Using the previous propositions and the compact inclusion of W 2,1q (QT ) into
C1,0α,α/2(QT ) we can apply Schauder’s Fixed Point Theorem to the function Gε, obtaining
a fixed point (uε, θε) for Gε. In particular, as θ
ε = Ψε(Φε(θ
ε)), we have θε ∈ C2,1α,α/2(QT )
and, using the Proposition 2.1, we also have uε ∈ C2,1α,α/2(QT ).
3 Existence of solution
We start with some preliminary norm bounds (independently of ε) that will be needed in
the sequel. In the following, C will denote the Poincare´ constant in H10 (Ω).
Lemma 3.1. Assume (9)-(10). Let {(uε, θε)}0<ε<1 be a family of solutions of the problem
(11). Then, there exist m, M , C1, C2, C3 and Dp, for p ≥ 1, such that, for ε small
enough:
a) 0 < m ≤ ‖Fε(θε)‖L∞(QT ) ≤M ;
b) ‖∇uε‖2L2(QT ) ≤ ‖kε(|∇uε|2 − F 2ε (θε)) |∇uε|2‖L1(QT ) ≤ C1;
c) ‖kε(|∇uε|2 − F 2ε (θε))‖L1(QT ) ≤ C2;
d) ‖kε(|∇uε|2 − F 2ε (θε)) |∇uε|‖L1(QT ) ≤ C3;
e) ‖∇uε‖Lp(QT ) ≤ Dp.
Proof.
a) Recall that {θε}0<ε<1 is a bounded subset of C(QT ), Fε −−−→
ε→0
F in C(R) and F is
continuous and positive.
b) The first inequality if trivial because kε ≥ 1. To prove the other inequality, we multiply
the equation (13) by uε and integrate over QT . We obtain∫
Ω
[uε(T )]2 +
∫
QT
kε(|∇uε|2 − F 2ε (θε))|∇uε|2 =
∫
QT
f εuε +
∫
Ω
(uε0)
2 ,
and then, using Ho¨lder, Poincare´ and Young inequalities,∫
QT
kε(|∇uε|2 − F 2ε (θε))|∇uε|2 ≤ ‖f ε‖L2(QT ) ‖uε‖L2(QT ) + ‖uε0‖2L2(Ω)
≤ C‖f ε‖L2(QT ) ‖∇uε‖L2(QT ) + ‖uε0‖2L2(Ω)
≤ C
2
2
‖f ε‖2L2(QT ) +
1
2
‖∇uε‖2L2(QT ) + ‖uε0‖2L2(Ω).
As ‖∇uε‖2L2(QT ) ≤
∫
QT
kε(|∇uε|2 − F 2ε (θε))|∇uε|2 we obtain
∫
QT
kε(|∇uε|2 − F 2ε (θε))|∇uε|2 ≤ C2‖f ε‖2L2(QT ) + 2‖uε0‖2L2(Ω),
which completes the proof, as lim
ε→0
‖f ε‖L2(QT ) = ‖f‖L2(QT ) and limε→0 ‖u
ε
0‖L2(QT ) = ‖u0‖L2(QT ).
c) We have
‖kε(|∇uε|2 − F 2ε (θε))‖L1(QT ) =
∫
QT
kε(|∇uε|2 − F 2ε (θε))
≤ 1
m2
∫
QT
kε(|∇uε|2 − F 2ε (θε))F 2ε (θε) by a)
≤ 1
m2
[ ∫
QT
F 2ε (θ
ε) +
∫
QT
kε(|∇uε|2 − F 2ε (θε))|∇uε|2
]
(as kε(a− b) b ≤ b+ kε(a− b) a for a, b ≥ 0)
≤ 1
m2
[
|QT |M2 + C1
]
by a) and b).
d) As
• kε(|∇uε|2 − F 2ε (θε)) |∇uε| =
[
k
1
2
ε (|∇uε|2 − F 2ε (θε))
]
·
[
k
1
2
ε (|∇uε|2 − F 2ε (θε)) |∇uε|
]
,
• ‖k
1
2
ε (|∇uε|2 − F 2ε (θε))‖L2(QT ) =
(‖kε(|∇uε|2 − F 2ε (θε))‖L1(QT )) 12 ,
• ‖k
1
2
ε (|∇uε|2 − F 2ε (θε)) |∇uε|‖L2(QT ) =
(‖kε(|∇uε|2 − F 2ε (θε)) |∇uε|2‖L1(QT )) 12 ,
we have, using Ho¨lder inequality,
‖kε(|∇uε|2 − F 2ε (θε)) |∇uε|‖L1(QT ) ≤
√
C2C1.
e) Let
QεT =
{
(x, t) ∈ QT |∇uε(x, t)|2 > F 2ε (θε(x, t)) + ε
}
. (18)
As
‖∇uε‖pLp(QT ) = ‖∇uε‖
p
Lp(QεT )
+ ‖∇uε‖pLp(QT \QεT )
≤
∫
QεT
|∇uε|p +
∫
QT
(
F 2ε (θ
ε) + 1
) p
2
≤ ‖∇uε‖pLp(QεT ) + |QT |
(
M2 + 1
) p
2 , by a)
=
(
‖|∇uε|2‖
L
p
2 (QεT )
) p
2
+ |QT |
(
M2 + 1
) p
2
≤
(
‖|∇uε|2 − F 2ε (θε)‖L p2 (QεT ) + ‖F
2
ε (θ
ε)‖
L
p
2 (QεT )
) p
2
+ |QT |
(
M2 + 1
) p
2
≤
(
‖|∇uε|2 − F 2ε (θε)‖L p2 (QεT ) + |QT |
2
p M2
) p
2
+ |QT |
(
M2 + 1
) p
2 ,
we only need to obtain an upper bound to ‖|∇uε|2 − F 2ε (θε)‖L p2 (QεT ).
Let A(p) ∈ R be such that x p2 ≤ A(p)ex for x > 0. Then
‖|∇uε|2 − F 2ε (θε)‖
p
2
L
p
2 (QεT )
=
∫
QεT
(|∇uε|2 − F 2ε (θε)) p2
≤
∫
QεT
( |∇uε|2 − F 2ε (θε)
ε
) p
2
≤
∫
QεT
A(p) e
|∇uε|2−F2ε (θε)
ε
=
∫
QεT
A(p) kε
(|∇uε|2 − F 2(θε))
≤ A(p) ‖kε(|∇uε|2 − F 2ε (θε))‖L1(QT ).
The conclusion follows now from c).
We are now in conditions to prove the result stated in Section 1, page 5.
Proof of Theorem 1.1. Let {(uε, θε))}0<ε<1 be a family of solutions of the problem (11). By
Lemma 3.1 and inequality (17), {uε}0<ε<1 and {θε}0<ε<1 are bounded in Lq(0, T ;W 1q (Ω))
and W 2,1q (QT ) respectively. Then we may assume that there exists u ∈ Lq(0, T ;W 1q (Ω))
and θ ∈ W 2,1q (QT ) such that{
uε −−⇀ u in Lq(0, T ;W 1q (Ω))-weak
θε −−⇀ θ in W 2,1q (QT )-weak.
Note that, as θε −→ θ in C(QT ), F is uniformly continuous in the range of {θε}0<ε<1 and
F ε −→ F in C(K), where K is a compact of R containing the ranges of θε and θ, we can
conclude that
F ε(θε) −−−→
ε→0
F (θ) in C(QT ).
It is obvious that θ satisfies (6). We will prove that (u, θ) satisfies (8) in three steps.
Step 1: u(t) ∈ KF (θ(t)) for a.e. t ∈]0, T [. By the definition of kε, by Lemma 3.1 c) and
recalling the definition of Q
√
ε
T = {(x, t) ∈ QT : |∇uε|2 − F 2ε (θε) ≥
√
ε}, we have,∣∣∣Q√εT ∣∣∣ = ∫
Q
√
ε
T
1 ≤
∫
Q
√
ε
T
kε(|∇uε|2 − F 2ε (θε)) e−
1√
ε ≤ C1e−
1√
ε .
and then, using Lemma 3.1 a) and d),∫
QT
(|∇u|2 − F 2(θ))+ ≤ lim inf
ε→0
∫
QT
(|∇uε|2 − F 2ε (θε)−√ε)+
= lim inf
ε→0
∫
Q
√
ε
T
(|∇uε|2 − F 2ε (θε)−√ε)
≤ lim inf
ε→0
∫
Q
√
ε
T
|∇uε|2
≤ lim inf
ε→0
‖|∇uε|2‖
L2(Q
√
ε
T )
‖ 1 ‖
L2(Q
√
ε
T )
≤ lim inf
ε→0
D24
∣∣∣Q√εT ∣∣∣ 12 ≤ limε→0D24C 121 e− 12√ε = 0,
and so |∇u| ≤ F (θ) a.e. in QT , which means that u(t) ∈ KF (θ(t)) for a.e. t ∈]0, T [.
In particular, as θ ∈ L∞(QT ), u ∈ L∞(0, T ;W 1∞,0(Ω)).
Step 2: ∂tu ∈
(
L∞(0, T ;W 1∞,0(Ω))
)′
.
Let X = L∞(0, T ;W 1∞,0(Ω)). Multiply the equation (13) by ϕ ∈ X and integrate to
obtain ∫
QT
∂tu
εϕ+
∫
QT
kε(|∇uε|2 − F 2ε (θε))∇uε · ∇ϕ =
∫
QT
f εϕ.
Then∣∣∣∣∫
QT
∂tu
εϕ
∣∣∣∣ ≤ ‖f ε‖L1(QT ) ‖ϕ‖L∞(QT ) + ∫
QT
kε(|∇uε|2 − F 2ε (θε)) |∇uε| |∇ϕ|
≤ C ‖f‖L1(QT ) ‖ϕ‖X + ‖ϕ‖X
∫
QT
kε(|∇uε|2 − F 2ε (θε)) |∇uε|
=
(
C ‖f‖L1(QT ) + C3
) ‖ϕ‖X , by the previous Lemma.
This proves that ∂tu
ε ∈ X ′ and that ‖∂tuε‖X′ ≤ C ‖f‖L1(QT ) + C3. Since the disks in
X ′ are compact sets for the weak-∗ topology σ(X ′, X), then a subsequence of {∂tuε}0<ε<1
converges to ∂tu in X
′ endowed with this topology.
Step 3: (u, θ) satisfies the integral inequality in (8).
By density, we only need to prove the inequality for v ∈ C1([0, T ];H10 (Ω)) such that
v(0) = u0 and v(t) ∈ KF (θ(t)), for a.e. t ∈]0, T [. For such v, let vλ = u + λ(v − u), for
0 < λ < 1. Consider
vελ =
m
m+ Aε
vλ, Aε = ‖F ε(θε)− F (θ)‖C(QT ), m as in Lemma 3.1. (19)
Note that, for a.e. t ∈ [0, T ], vλ(t) ∈ KF (θ(t)) and then vελ(t) ∈ KF ε(θε(t)), as
|∇vελ(t)| =
m
m+ Aε
|∇vλ| ≤ m
m+ Aε
F (θ(t)) ≤ F ε(θε(t)),
being the last inequality true because it is equivalent to F (θ)−F
ε(θε)
F ε(θε)
≤ Aε
m
.
Multiplying the equation of the problem (13) by vελ − uε and integrating over QT we
obtain∫
QT
∂tu
ε(vελ − uε) +
∫
QT
kε(|∇uε|2 − F 2ε (θε))∇uε · ∇(vελ − uε) =
∫
QT
fε(v
ε
λ − uε).
Since vελ(t) ∈ KFε(θε(t)), for a.e. t, and so kε(|∇vελ|2 − F 2ε (θε)) = 1, we get, using (12),∫
QT
∂tu
ε(vελ − uε) +
∫
QT
∇vελ · ∇(vελ − uε) ≥
∫
QT
fε(v
ε
λ − uε). (20)
But∫
QT
∂tu
ε(vελ − uε) =
∫
QT
∂t(u
ε − vελ) (vελ − uε) +
∫
QT
∂tv
ε
λ(v
ε
λ − uε)
=
1
2
∫
Ω
(
uε0 −
m
m+ Aε
u0
)2
− 1
2
∫
Ω
(uε(T )− vελ(T ))2 +
∫
QT
∂tv
ε
λ(v
ε
λ − uε)
and then, from (20),
1
2
∫
Ω
(
uε0 −
m
m+ Aε
u0
)2
+
∫
QT
∂tv
ε
λ(v
ε
λ − uε) +
∫
QT
∇vελ · ∇(vελ − uε) ≥
∫
QT
fε(v
ε
λ − uε)
Letting ε→ 0, we obtain∫
QT
∂tvλ(vλ − u) +
∫
QT
∇vλ · ∇(vλ − u) ≥
∫
QT
f(vλ − u)
or equivalently∫
QT
λ∂tu(v − u) + λ2
∫
QT
∂t(v − u)(v − u) + λ
∫
QT
∇u · ∇(v − u)
+ λ2
∫
QT
∇(v − u) · ∇(v − u) ≥ λ
∫
QT
f(v − u) (21)
and, dividing by λ and letting λ tend to 0,∫
QT
∂tu(v − u) +
∫
QT
∇u · ∇(v − u) ≥
∫
QT
f(v − u), (22)
as we wanted to prove.
Let us prove now that (u, θ) solves (7)-(6).
Since −∇ · (kε(|∇uε|2 − F 2ε (θε))∇uε) is uniformly bounded in X ′, because it is equal
to f ε − ∂tuε, we have
−∇ · (kε(|∇uε|2 − F 2ε (θε))∇uε) −−⇀ χ in X ′ for the weak -∗ topology σ(X ′, X).
Let v be any function verifying:
· v ∈ L2(0, T ;H10 (Ω)) such that ∂tv ∈ L2(0, T ;H−1(Ω));
· v(t) ∈ KF (θ(t)), for a.e. t ∈ ]0, T [, v(0) = u0.
Multiply the first equation of the system (11) by v − uε and integrate over QT . Then∫
QT
∂tu
ε(v − uε) +
∫
QT
kε(|∇uε|2 − F 2ε (θε))∇uε · ∇(v − uε) =
∫
QT
f ε(v − uε). (23)
Observe that∫
QT
∂tu
ε(v − uε) =
∫
QT
∂t(u
ε − v)(v − uε) +
∫
QT
∂tv(v − uε)
= −1
2
∫
Ω
(uε(T )− v(T ))2 + 1
2
∫
Ω
(uε0 − u0)2 +
∫
QT
∂tv(v − uε)
≤ 1
2
∫
Ω
(uε0 − u0)2 +
∫
QT
∂tv(v − uε). (24)
Define vε(t) = m
m+Aε
u as in (19) and notice that vε converges strongly to u in X and
vε(t) ∈ KFε(θε(t)) for a.e. t ∈ ]0, T [.
So, using (23) and (24), we obtain∫
QT
∂tv(v − uε) + 1
2
∫
Ω
(uε0 − u0)2
+
∫
QT
kε(|∇uε|2 − F 2ε (θε))∇uε · ∇((v − vε) + (vε − uε)) ≥
∫
QT
f ε(v − uε).
But∫
QT
kε(|∇uε|2 − F 2ε (θε))∇uε · ∇((v − vε) + (vε − uε))
=
∫
QT
kε(|∇uε|2 − F 2ε (θε))∇uε · ∇(v − vε) +
∫
QT
kε(|∇uε|2 − F 2ε (θε))∇uε · ∇(vε − uε)
≤
∫
QT
kε(|∇uε|2 − F 2ε (θε))∇uε · ∇(v − vε) +
∫
QT
∇vε · ∇(vε − uε),
using (12), noticing that vε(t) ∈ KFε(θε(t)), for a.e. t ∈ ]0, T [. So∫
QT
∂tv(v − uε) + 1
2
∫
Ω
(uε0 − u0)2 +
∫
QT
−∇ · (kε(|∇uε|2 − F 2ε (θε))∇uε) (v − vε)
+
∫
QT
∇vε · ∇(vε − uε) ≥
∫
QT
f ε(v − uε).
Recalling the strong convergence of vε to u in X and letting ε → 0 in the above
inequality, we obtain∫
QT
∂tv(v − u) +
∫
QT
χ(v − u) ≥
∫
QT
f(v − u). (25)
Multiplying the first equation of the system (11) by v − u and integrating (in the
duality sense) in QT , we get, letting ε→ 0,∫
QT
∂tu(v − u) +
∫
QT
χ(v − u) =
∫
QT
f(v − u). (26)
From (25) and (26), we deduce that∫
QT
∂t(v − u)(v − u) ≥ 0. (27)
Finally, we have∫
QT
∂tv(v − u) +
∫
QT
∇u · ∇(v − u) =
∫
QT
∂tu(v − u) +
∫
QT
∂t(v − u)(v − u)
+
∫
QT
∇u · ∇(v − u)
≥
∫
QT
∂tu(v − u) +
∫
QT
∇u · ∇(v − u) by (27)
≥
∫
QT
f(v − u), by (22)
and the proof of (7) is complete. 
Remark: We would like to thank Prof. J. F. Rodrigues for giving very helpful comments
and suggestions.
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